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THE EFF!ECTOFWINGBENDINGDEF’LECTSOI?ONTHE
ROILINGMOMENTDUXTO SIDESIJP
By PowellM.Lovell,Jr.
A methodfs presented.forcalculatingtheeffectofwingflexibility
on*herol13ngmomentdueto sideslipforwingsofvariousaspectratios
andtaperratioswhendifferentshapesofthebending-deflectioncurve
areassumed.Theshapeofthedeflectioncurveisshowntobe unlmportsnt,
thenainfactorbeingtheamountofwing-tipdeflection.An accurateand
anapprofimtemthod forcalculatingthetipdeflectionaregiven.The-
effectofwingflexihil.i~ontherollingmommt dueto sideslipseems
tohe largeenoughto%eaf appreciableimportanceinthedesignof large
low-load-factorai planes.
INTRODUCTION
Thetendencytowardthinnerwingsonbothfighterandbomberair-
planesandthetendencytowardhighaspectmtios onboniberandtmns-
portairplanesmakestheeffectsofwingflexibilityassumegreater
importancethanheretofore.In so= phasesofaeronauticalengineering
wingflexibilitymustbe takenintoaccountincon@.yingwithdesign
ties,buttheeffectofwingbendingonthestabilityparameterfor
therollingmonumtdueto sidesliphasnotheretoforebeeninvestigated
“indetail.
Resultsarepresentedofananalysismadetodeterminethemagnitude
oftheeffectofwingbendingontherollingmomentdueto sideslipand
a mthod isgivenby whichtheeffectivedihedralmaybe modifiedat the
designstageto takeintoaccountheeffectofting~ending.Theresults
areapplicableto eitherstraightwingsor slightlysweptlackwings.
Althoughthemethodisbasedonanapplicationfthelifting-linetheory
to straightwingsandhencemightseemlimitedto subsonicspeeds$it ...—
maybe usedtogiveapproximatevaluesat highers~eeds. ,-.
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SYMBOIS
mateofchangeofrolling-moment
slipangle ~ .
dihednlangle,radians
wingspen,Inches
spantise.dista.rme,
loadfactor
limitloadfactor
inches
NACATN No. 1~1
coefficientCz withside-
exponentdesignatingshapeofwf.ngdeflectioncurve
wingarea,sq~reinches
wingaspectratio(b2/S)
taperratio;thatis,ratiooffictitioustipchord,obtained
by extendingwingleadlngandtmilingedgestotip,to
rootchord .
yieldstrengthofmet.dof sparflange,poundspersquareinch
stress,poundspersquareinch
modulusofelasticity,poundspersquareinch
distanceto outerfiber,inches
portionofsemispan(-%)) 2
wingthickness,inches
deflectionofwing,inches
wingbendingmoment,inch-pounds
momentof inertia,inches4
r
.
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Subscripts
r root
t tip
.-
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.DISCUSSION
DetemninationfIncrementinRolling-MomentCoefficient
DuetoSideslipwithWingBending
In reference1 influencelines”showingthecontributimofunit
lengthsofdihedralportionsalongthespanto therolling-momentderiva-
tivedueto sideslipofa rigidwingweregiven.Theseresultsaregiven
infigure1 ofthepresentpaper.Thewingsconsideredhadaspectratios
of6, 10,and16andtaperratiosof0.25,O.~0,and1.0.
Thecurvesoffigure1 arereadilyadaptabletothedeterminationf
eithertheeffectivedihedralchemgeduetoa specifiedshapeofbending
curveorto thedeterminationftheincrementinrolling-momentcoef-
ficientdueto sideslip.
If it isassumedthatthedeflection
m
.
z (-%)=ztb2
curveofthewingisgivenby
(1)
thenthedihedralangle1’ atsmypositionalongthes= is
.
.—
(2)
Fromthecurvesshownin figure1 theelementalcontributionfa
unitdihedralangleextendinga
incrementintherolling-moment
Substitutingthevalueof
endintegratingacrossthespan
incrementintherolling-moment
fistance dk alongthespanto the
derivativeis
4)AC~PT=—rdkdk (3)
r fromequation(2)intoequaticm(3)
givesthefollowingequationforthe
derivativeduetowingdeflection:
(4)
Equa%ion(4)wasintegratedgraphicallyb usingtheresultsobtained .
fromfigure1,forvaluesoftheexponentm correspondingtovarious
shapesofthewingbendingcurve.Theresultsof theseintegrationsare
flc~
showninfigure2 wheretheratio~ isplottedagainstasyect
/‘t F
ratioA withtaperratioX andbending-curveexponentm as
parameters.
Valuesfromfigure2 have%eenusedtoforma ratiooftheooef-
fioientsobtainedforvariousvaluesoftheexponentm to thosefor
theeasewherem = 1. Theseratio%whichindicatehowtheparticular
shapeofthebending-curveaffectstheincrementInrolling-moment
derivativedueto sidesllp,areshownIn figure3. It canbe seenfrom
figure3 that Inthe
changesverylittle.
anda taperratioof
P-Clfjmrangeof m from2 to6 theratio cz~)m=l
Thecurveoffigure3 ISforanaspectratioof6
O.qo.
{c, )
Thevaluesoftheratio~ havebeentabul.atedlntable1
(J2 m.1
forallcombinationsofaspectratioandtaperratioconsidered.Thus
Itappearsthattheparticularexponentofthewingdefleotlonourveis
relativelyunimportantas comparedwiththewing-tipdeflection.
cl
Figure4 isa plotof -# againstA fora rigidwing(m= 1)
withtaperratioasa pammeter.Thecurvesoffigure4 wereobtained
by cross-plottingthepointsoffigure1 at thetipagainstaspectratio
andinterpolatingcurvesfortaperratioqof0.375and0.75.Figure4
andtable1 whenusedtogethercomprisethebestmethodforcalculating
theincrementinrollingmomentduetowingflexibility.
.
WingDeflection
Sincetheactualtipdeflectionisimportantinthedetemuination
oftheincrementin C2 duetowingflexibility,twomethodsofcalcu-
P
I.stingthisquantityaregivenwhichmaybe usedInlieuofactualtest
data. *
Themoreaccuratemethodforobtainingthetipdeflectionrequires
a knowledgeofthemomentsofinertiaofthestren&hmembersof thewing ,
at variouspanwisestations,ofthebendingmomentat thesestatlonet
andofthemcdulusofelasticityofthematerial.ThemethodIsbasedon
theformula
Figures5, 6, and7
t~lcal fighter-typeand
D’Mz= ET (5)
~-curvesat thelimitloadfactorfor
‘how‘heEI
bom%er-typeairplanes(dataobtainedfrom
1
manufacturers’reports). An approximationfthesecurves‘WYbe obtained
by usingfewerspanwisestations.Thecalculationsthatwillbe required
iflittleorno informationconcerningmomentsof inertiaof structuml
membersisavailablewillbe considem.blydecreasedthereby.A knowledge
ofthelocationsof‘heavyweightItemsandcut-outsin thewingstructure
isofvalueinchoosingthebeatstationsatwhichtopetiomcalculat-
ions,becauseat theselocationsthemomentofinertiamaychangempidly
(fig. 6). Thepercentageoferrorincurredby usingthesmallernumber
of stations(dashedmrves offigs.5 to7) insteadofthelargernuuher
wasgreatestforthefighter-t’ypea@ileneoffigure6 whichgavea“4.3
percentlargertipdeflectionat thelimitloadfactor.
An approximatemthod fortabulatingtipdeflectionshas%een
developedwhichmaybe usedifinformationconcerningthemomentsof
inertiaofstructuralmetiersisnotavailable.Thefollowingequation
applyingtoa cantileverbeamisthelasisforthismethod:
d2z a
—=-— (6)”””-‘–
dY2 ‘=
In thisequationtheffberstress a variesalcngthe~ accofiingto
thespenwiseloadingdistribution.lkrompnactloalconsidemtionsthe
fiberstresswillalwaysdecreasetowafithewingtip;however,inorder
to obtaina simplequationforestimatingthetipdeflection,it is con-
venientoassumea uniformeffectivevalueof u overthespen.ThiS
effectivevalueof a forthelimitloadingconditionsis obtainedby
applyinga reductionfactorto the”yieldstrength1? ofthesparflsmge
material.l?romcalculationsinvolvingfiveairplanesinw~ch thefactor
rangedfrom0.455to 0.493, anaveragevalueof 0.47wasobtainedfor
thisreductionfactor.Thenecessityfora reductionfactormaybe
ascfihedto causessuchas thefollowing:
(1)Theworkingstressoverflangesandstringersis conside-bly
belowtheyieldstrengthoftheflanges .
(2)No allowanceismadeforshearlagandtorsionbendingstresses
exiStj3) A nonuniformityof spantisedistributionfworkingstress
Thefactor0.47shouldle cgnslderedas only&Lrectl.yapplicableto
.
stressed-s~n,semimonocoqueconstructionwithspantisestIffenersof
conventionalconstruction.
.
tt
If itisassumedthat ~ isthetapernatfo,whichmakesthe
r
6distancec varyuniformlyalongthespan,equation(6) maybe written
d2z—= -o.47-=~
dy2
“E(9y;’r+@t -
(7)
dzBy makinguseofthecon~tionsthat z = — = O when y = O and
w
-%by Introducingthenotaticmthat ~ ~ = k, ~heequationforthetip
deflectionbecomes,aftera doubleintegration,
Figure8
thethiclmess
J 1‘t 1oo47nFb2 = ~njZ(tr- tt o lo% 1() t~1 -k l-= r
showsthevariaticxioftherightsideof
dk (8) ‘
equation(8)with
mtlo (taperratio)‘t ‘t-. Forthecaspinwhich ~
K.r tr
equals1.0,equation(8)becomesindeterminateandthetipdeflectionmay
be obtainedfromtheequatim .
Thetipdeflectionsdeterminedfrom
tiththoseobtainedfromArIWAlrForces
statictestsoftypicalfighter-t~eand
(9)
bothmethodshavebeencompared
andmeznxfacturers’reportsof
bomber-typeairplanes.The
resultsobtainedby usingthe ~-formulaarewithin7 percentof the
measuredvalues,whereasthoseobtainedby useoftheapyroximdeformula
arewithin15percentoftheme~suredvaluesfortheseairplmnes.
IllustrativeE_le
In ordertoillustrateheuseoftable1 andfigure4 Indetermining
theeffectofwingflexibilityontherolling-momentderivativeduet-o
sideslip,en exampleisworkedfora hypotheticalfighterairplanewith
characteristicsas follows:
Wingspan,inches.. . . . . . . . . . . . . . . . . . . . . . . . 444
Wingaspectratio.. . . . . . . . . . . . . . . . . . . . . . . . 6
Wingtaperratio. . . . . . . . . . . . . . . . . . . . . . . . .0.50
Limitloadfactor.. . . . . . . . . . . . . . . . . . . . . . . . 8
Dihedralamgle,radians. . . . . . . . . . . . . . . ~ . . . . .o.0873
Modulasofelasticityfordural,
youndspersquareinch. . . . . . . . . . . . . . . . ..ID.500.000
.
.
.
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Fromfigure6 thetipdeflection
. 9.X?inches.Forlevelflightat 1g
1.14inches.l?romfigure1 thevalue
a dihedralangleof0.0873mdiansis
7
at the13mitloadfactoreauals
thetip deflectionequals‘
of cl fortherigid
$
wingwith
%p =
Theincremntin
m = 2 isfoundto_be,
value1.21fromtable
~r.0.745x 0.0873= 0.0650
L
c2$F~ 2& dueto thewinglendingat
%y usingthevalueO.7k5fromfigure4
1,
=2 z
flt 1.14
%p r~ = 0.’745x 1.21x ~ = 0.0047
Fromequation(2)it canbe determinedthatfora rigidwing
Zt
. b~-r
1g for
andthe
(m= l),
TherecommendationforUSing parabolic(m= 2)bendingis $ustified
. sincepara%olicbendingagreeswellwitht~ioalstatictestresults.
It canbe seenthatat 1g theincrementin Cz is relatively
P
smallcomparedwiththerigid-wingvaluebutthatat higherloadfactors
theincrementbecomesmoreimportant.In orderto indicatetheimportance
ofwingflexibilityon C~ forothertypesofairplanes,computations
B
werecarriedoutfora @otheticalbom%erairplanetithA = 10,X = 0.50,
andr= 4°. Theresultsaregivenintable2 alongwithres@tsforthe _j
fighterairplane.It willbe notedthatevenat 1g theeffectofwing
flexibilityonthebaler airplaneisto increasethevalueof %B by
one-third,andat thelimitloadfactorthevalueisalmostdoubled.Thus
forlargeairplanesopemtingat relativel$lowloadfactors,thechange
inthederivativeC~ is largeenoughto influencethecontroleffective-
$
nessinacceleratedturnsandshouldbe takenintoaccountat thedesign
-ge. ~
l
CONCLUSIONS
.
A relativelysimplemethodhasbeendevisedby whichtheeffectof
wingehsticityontheeffectivedihedmalandon thederivativeinrolling-
nwent coefficient dueto sideslil my readilybe determinedforwingsof
variousaspectratiosandtaperratioswhendifferentshapesof the
8 NACA~ HO. 1541
bending41eflectioncurveareass-d. Theshapeofthebendingdeflectlon
curveisrelativelyunimportan-indeterminingtheeffectsofwingflexibility
ontherollingmomentdueto sideslip,themainfactorbeingtheamountof
wing-tipdeflection.Theeffectofwingflexibilityontherolling+uomen-t
dueto sideslipseemstobe largeenoughtobe ofappreciableimportancein
thedesignoflarge@w-load–factorairplanes.
LsmgleyMemorialAeronauticalLaboratory
NationalAdvisoryCommitteeforAeronautics
LangleyField,Vs.,November3, 1947
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TABLE1
9
.
.
VARIA!I’IONOl?ROIJXNG-MX$ENTDERIVATIVERATIOWITH
.
ASPECTRATIOSANDTAPERRATIOS
6
10
16
Aspect Taper
ratio mtio & W
()
clp rn=l Czpm=l
1.00 “ 1.22 1.29
.50 1.21 1.24
.25 1.16 1.15
1.00 1.22 1.29
.50 1.21 1.26
.25 1.I_8 1.22
1.00 1.30 1.33
.50 1.24 1.29
.25 1.20 1.21
NACATN ~0. 1*1
TABLE2
INCREMENTIN ROILTNG-MOMENTCOEFFICIENTDUETO SIDEEKUP
FORTYPICALCONTEMPORARYFIGHTER-TYPEANDBOMHER-!KPEAIRPLANES
WITHVARIOUSLOADFACTORS
Fighter Bomber
Aspectratio 6 10
Taperratio 0.50 0.50
Dihedralangle,deg 5 4
Limitloadfactor 8 2.67
~1P forrigidwing 0.0650 0.0613
IncrementC~ forload
P
factorof1 0.0047 0.021.2
IncrementC~
P
forone-half
limit16adfactor 0.0188 0.0283
IncrementC7
P
for
limitloadfactor 0.0376 0.0566
.
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